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Renormalized thermodynamic entropy of black holes in higher dimensions
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We study the ultraviolet divergent structures of the matealaj field in a higherD-dimensional Reissner-
Nordstran black hole and compute the matter field contribution to the Bekenstein-Hawking entropy by using
the Pauli-Villars regularization method. We find that the matter field contribution to the black hole entropy
does not, in general, yield the correct renormalization of the gravitational coupling constants. In particular, we
show that the matter field contribution in odd dimensions does not give the term proportional to the area of the
black hole event horizorjS0556-282(197)06104-3
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[. INTRODUCTION D-dimensional RN black hole, compute the matter field con-
tribution to the black hole entropy using the Pauli-Villars
One of the salient problems concerning Bekensteinregularization method, and compare the results with the di-
Hawking[1,2] black hole entropy is to understand its micro- vergent terms arising in the one-loop renormalization of the
scopic origin. As an attempt to understand this problem ’tgravitational action.
Hooft suggested that the thermodynamic entropy of a scalar The thermodynamic entropy of a massive scalar field in
field coupled to a black hole background can give rise to thehe D-dimensional RN black holes was already found in the
correct black hole entropy, provided that a suitable brickbrick wall model[6], in which the RN black hole is linear-
wall is introduced outside the event horizi8]. The entropy ized as the Rindler form by considering a pillbox-shaped
of the matter field diverges as the brick wall approaches tqegion close to the outer event horizon and the number of
the event horizon, and Susskind and Ugl{} suggested states of the scalar field in the Rindler metric is used to
that the matter field contributions be interpreted as One'looaompute the entropy_ The_function regu'arization scheme
corrections to classical Bekenstein-Hawking entropy andyas also used to find the divergent structure and renormal-

renormalize the gravitational coupling constants. Demersyqq entropy of the scalar field in@-dimensional Rindler-
Lafrance, and Meyer$S] (DLM) have subsequently con- e spacetimg7]. In this paper, however, we consider the
firmed, by using the Paull-Vlllars_ covariant regularlzanpn calar field in theD-dimensional RN black hole without ap-
method, the Susskind-Uglum conjecture for the scalar fiel roximating it by the Rindler form near the outer event ho-

minimally coupled to a four-dimensional Reissner-'. ) . .
M rizon, find alternatively the number of states from the semi-
Nordstron (RN) black hole background. . o . .
classical quantization of the Klein-Gordon equation, and get

DLM have shown that in four dimensions the renormal- he di fthe f d h
ization constants arising in the renormalization of black holdn® divergent structure of the free energy and entropy as the

entropy are precisely the same as those arising in the renoflivergent functions of brick wall thlckness. o
malization of the gravitational action by a quantuzero In Sec. Il we elaborate, by using the Pauli-Villars regu-
temperaturg scalar field. They used the Pauli-Villars regu- larization method, the one-loop renormalization of the
larization by assuming that all the regulator fields obey the?-dimensional gravitational action by a quantum scalar field.
Bose-Einstein statistics. In the next three sections we study the ultraviolet-divergent
To further clarify the question of the matter field contri- structures of the scalar field and compute the scalar field
butions we study, in this paper, the ultraviolet-divergentcontribution to theD-dimensional RN black hole entropy by
structures of a massive scalar field in a higherusing the Pauli-Villars regularization method with all the
regulator fields treated as obeying Bose-Einstein statistics.
We find in particular that the entropy contribution of the

*Electronic address: sangkim@knusunl.kunsan.ac.kr scalar field minimally coupled to an odd dimensional RN
TElectronic address: skkim@theory.ewha.ac.kr black hole background does not give the term proportional to
*Electronic address: kssoh@phyb.snu.ac.kr the surface area of the event horizon. We conclude with
$Electronic address: jhyee@phya.yonsei.ac.kr some discussions in the last section. Two appendixes contain
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some mathematical formulas needed for the computations in

1 oc -
the main text. Wo(m)= 5~ —p Zf de\/—gf d(is) >, a(x)
Throughout this paper we adopt the units i=k=1, (4m) 0 k=0

but keep the gravitational consta@t The spacetime signa- . \K—1-D/2—im?s
: X(is) e : 2
tureis (—,+, ..., +).
where
II. RENORMALIZATION OF GRAVITATIONAL ACTION 1
BY QUANTUM FIELDS a=1, a=¢R,

Quantum field theory has been extensively studied in
curved spacetimegfor references, se¢8]). Dimensional a,=35R4+ #R%+ 155 R0, R¥P* = 15R,,R*Y. (3)
regularization£-function regularization, point-splitting, and
Pauli-Villars regularization methods have been developed t - . A
find the renorgalized effective action for a quantum F;ield_awe_lower limits=0. According to the Pauli-Villars regular-
We shall use the Pauli-Villars method that enables us tézatlo_n metr;od, vf\{eléntrofduce a numbgr of bosomc.anld fer-
regularize the thermodynamic entropy of the quantum field Monic regu ator fields of massesg, andmg,, respectively.

in a black hole background and to relate this directly to thePll the regulator and scalar fields contribute to the effective
renormalization of the action. We shall further elaborate theéCtion

The effective actiorWp involves divergent terms from

Pauli-Villars regularization method, which is efficient in 1 " o
evaluating the effective action and the thermodynamic en- - Dy /— i
o g y Wp W’?f d x\/_gJO d(ls)go a(x)
The one-loop effective action for gravity D dimensions
[8] takes the form x(is)k—l—D/2(2 e imgs— > e—imfziS). @)
1 |
A R aq (2%

Isz de\/—_g[ ——+ 1—+ 4—R2+4—RWR’” The effective action obtained by the dimensional regular-

8mG 6mG & & ization method shows different divergent structures depend-

g ing on even or odd dimensions. In the Pauli-Villars regular-
+ ERaBWR“’gW : (1)  ization method the divergent structure of the even

dimensional case differs from that of the odd dimensional

where A is the cosmological constan§ the gravitational Case.
constant, andy; the coupling constants. These constants are
bare ones that are to be renormalized. The spacetime that we
are particularly interested in is a black hole background We first consider even dimensions. Using the analytical
minimally coupled to a massive scalar field. The one-loopcontinuation of the integralA10) in Appendix A, we obtain
effective action of the scalar field of a masscan be found the divergent contributions to the effective action in an even
by the DeWitt-Schwinger methdd, 9] dimensionD =2n:

A. Even dimensions

. 1 ! 1
T J d*x=g 2, ak<x><—1>“+1-k{—(n_k)! (Z mg"In(m) = > mg" " In(mg)

n—k
1
[+ - mZ(nfk)_ m2(n7k)
! lep)(zi Bi Zl Fi

1
~ (n—k)!
n+1-k

o
Y (-1) ||(§i: sz(in+1fkf|)_§i: mlzz(in+1k|)”_ )

=t (n+1—-k-1)!

To remove the infinite constantg given by Eq.(A11), we n B,
impose the mass conditions r;nn:J d2“x\/—gk20 ak(x)m, (7)
Ei sz(inik)ZZi mIZ:(infk) (6) where

B.=(—1 n+1-k m2(n*k)|n m2 _ m2(n*k)|n m2
for k=0,1,... n. We are then left with the renormalized =1 Z Bi ( Bi) Z Fi ( Fi)
action (8)
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are the renormalization constants. We may now renormalize
the one-loop effective action for gravity by quantum matter

32m2)
field by redefining the cosmological, gravitational, and cou-

Bzz—|n(m . (16)

pling constants

A BO B Aren
87G 2(4m)"n! 8xGrM

1 B, 1
167G | 1247 (n—1)! 167G

ren
a; B, a;

4n 14Aam(n-2)! 4m’

ar B, _arzen
47 36047)"(n—2)! 4m’

In D=6, one has an additional condition on the masses,
2 mg =2 mg, (a7
one of whose simple solutions is
mg, =m, mem, mem,
mg,= \/m: mFl:mFZZ\/mZT,U«Z,
Me, =Mg, = JmZ+ 642, (18

We rewrite B; as

as + B, _agen 9
47 36047)"(n—2)! 4’ © P m2(m2+ 3u2)(Mm2+4u2)(m?+7u?)
1= —min (M2+ 1) 2(m2+ 62)2
For instance, iD =4 the conditions are such that the num- (m2+3u2)3(m2+4u2)4(m2+7u?)’
ber of bosonic and fermionic fields are equal —2m?u2In
q ’ (m2+M2)2(m2+ 6M2)12
Ng=Ng=3, (20 ~ 4In((m2+3M2)9(m2+4M2)16(m2+7M2)49)
and the masses satisfy (M + u?)?(m?+6u”) "
(19
S > For a largeu it becomes
izl mé‘:; m,2:|, g
4 7m2 2,2 77 4 749
3 \ 3 \ Blz—man—Zm,uan—,ulnz—Mggg.
One may choose a simple solutif The other two renormalization constants are
m2(m?+ 3u?)(M?+ 4u?)(m?+ 7 u?)
Mg. =M, Mg =m =m?+3 7, =m?
B; B, '''Bg M By=m In( M2+ 1AM+ 6,2)2 )
Mg, =Mg,= Vme+ p?, Mg, = Jmi+4uZ (12 . ((m2+ 3,u2)3(m2+4,u2)4(m2+7,u2)7>
n VR AV 712
The renormalization constant related to the gravitational con- (M7 p A (m*+6u%)
stant can be written as (21
R ( m2(m?+3u?)? ) and
1=min| ————5%—"—> 2
m“+ m*+4
( M ) ( M ) _ mz(m2+3M2)(m2+4M2)(m2+7/.L2)
i (m2+3,u2)6 (13) BS_ —In (m2+M2)2(m2+ 6#2)2
M (m2+,u2)2(m2+ 4:““2)4 (22)
and becomes, for a large, It should be noted thaB;, B,, and B; can be regarded as
- 3 independent for an arbitrary large, since they involve dif-
B =m2In 12,.2n 3_ (14) ferent powers ofu. That is, there is a unique representation
1 4u? KT 24 of In(x?), u?, andu* in terms of B, B,, and ;.
The other renormalization constant is B. Odd dimensions
_ m?(m?+3u?)? In odd dimensions we use similarly the integral formula
(M w)A(mP+4u?)) in Appendix A. We then obtain the divergent contri-
Bo=—Inl e a2 T 442 (15 (A23) in Appendix A. We then obtain the di i

which becomes, for a large,

butions to the effective action in an odd dimension

D=2n+1:
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22N+ 170 212+ 1 — k)1 2n+1-2k 2
(2n+2-2K)! M in(m)

e 1= 24 )(2n+1/2f a2 Ixy— 2 a(x)(—1)"t1ik

n+1-k

-1 +1-k- n+1-k-
+ |21 (n+(1——k—|)!l(2|+l)/2(2i m%(ln 1-k |)_Z m|2:(| 1-k |))j| (23)

_ 2n+1-2k 2
Zi mE. In(m,:i)

Imposing again the same mass conditigdsas inD = 2n, )
we get the renormalized effective action F=- fo dEpe—1: (27)
n
ren _ ne [~ whereg(E) is the number of states for a givén In order to
an+l f d™x gg a(x) find the free energy of a scalar field it is necessary to find
e 1ok) 12 first the number of states.
« 2 m N+ 1-K)! By (24) The D-dimensional RN charged black hol®&4) has
2(4m) PNt V2on+2—2k)!" the metric[10]
where dg?=—A(r)d?+ A" Y(r)dr?+r2dQ3_,, (29
where

Bkz(_l)nJrlk(E m§?+172k_2 m,%?+172k (25)
I 1

r \D-3 r.\D-3
- +
A(I’)Z[l—(T) 1—(T> , (29)
are the renormalization constants. At the one-loop level the

cosmological, gravitational, and coupling constants can b@nerer, andr_ are the outer and inner event horizons

renormalized by given by
A (n+1)!5, A" AT ((D—1)/2) 1/D-3)
— = -~ 7 7 N2 _ N2
87G #"(2n+2)! 8xG™" == (D—2)7P~ 3 (MEVM7=Q%) » (30
1 n! B, 1 whereI" is the gamma function. The Schwarzschild black
167G +47-r”(2n)! = 16nGre hole is recovered as a limiting case @& 0.

The number of statel6] of a massive scalar field in the

black hole backgroun{?8) is given b
ay (n=1)!5, arlen 9 @8 is g Y

a7 X144 (2n—2) 4w’

1 (L
gp(E,m)= fr +hA(r)fou(zlw 3)Lp(1)

(2%)] (n_1)|82 arzen
47 2°X360a"(2n—2)! 4w’ ><\/E2— m2+I(I+D_3) A(r), (3D
7 '
n—1)!3 ag"
e . ( n) 2 3 (26) where
47 25x3607"(2n—2)! 4mw
~ I'(1+D-3)
We have seen that the effective action has different diver- Lo(h)= L(D-2)I'(1+1) (32)

gent structures depending on the parity of dimension and the

renormalized effective action of even dimensions involvess a multiplication factor of the degeneracy of angular mo-

different renormalization constants from that of odd dimen-mentum states. We note that the number of states in this

sions. form can be extended to a nonintegral dimension. By chang-
ing the variable

IIl. NUMBER OF STATES OF A MASSIVE

SCALAR FIELD y=I(I+D—-3), (33

We now turn to the thermodynamic entropy of the mas-We rewrite the number of states as
sive scalar field in aD-dimensional Schwarzschild and a

nonextremal RN black hole. But there seems to be no simple 1t dr Y+ —
and systematic method to evaluate the thermodynamic en- 9o(E,m)= mJr +h ryA(r)Jo Lol =y,
tropy of a quantum field in an arbitrary dimensional black (34)

hole background. We use directly the thermodynamic defini-
tion of entropy, where the integration is restricted to
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2

v, =[E2—mPA(r) ]

. 35
A(r) (35 L
We compute the number of states separately in even and odd C§”= H (2n—k—2)(k—1). (39
dimensions. k=2
A Even dimensions They integration[11] yields the number of states:
The multiplication factor of the degeneracy of angular 1 n-2
momentum states in four dimensions is simply given by gon(E,m)= mE CZ”B(k+ 1.3
L,=1 (36)
. dr k+3/2 39
and, inD=2n, (n=3), by x| . A(r)y+ ; (39
n—-1
Lon(y)= H [y+(2n—k—2)(k—1)] whereB is the beta function.
[(2n—=2)i= With the change of the variable
1 2n—-3
2n,,k r
~T(2n- 2)2 Ciey™ 37) x=1-|—| |
whose coefficients are h
c2n =1, e=(2n—3)a, (40)
Ci"3=3(n—2)(n—1)(2n-3), we obtain the number of states:
|
n-2 2k+3 21 k+3/2
OB = 1o 3, OB 10— [ o EAR L (@1
m= al(2n—2)E 2 on—3 ) SX (1) I3y 2(1—u+ux) <2’

whereu=(r_/r )" 3,

The most interesting ultraviolet divergences of free energy and entropy come from the part of the number of states that are
the divergent functions of the brick wall thickness near the event horizon. So focusing on the lower limit of the integration, we
expand the denominator arourer0:

1 o0

_ 2n.k
(1_X)1+(2k+3)/(2n—3)(1_u+ux)k+2—qzo HE™ XA, (42

WhereHé“’k are the coefficients of the Taylor expansion and are substituted int@BgTo extract the divergent parts of Eq.
(41), we transform the quadratic,

5 , [(1—u)’m’+2uE? u E4
E—x(1—u+ux)m-= A=u)2? ) [ _(1—u)2m2+2uE2(Z+7 } (43
where

Z=E?—(1—u)m?x, (44)
and expand the numerator:
[Ez—x(l—u+ux)m2]k+3/2:((1 (li)_zu;’LZUEZ)kH/ Zk+3/22 (— 1)p T u2+2uE2)p|Zpo(?>E4lzp2|.

(45
Finally we get the number of states:
n—-2

1
- - 2n
gzn(E,m)—Wr(Zn_Z)g c2"B

r2k+3 © * k+§
k+1s > H2KY (—1)p| "2
2n—34=0 9 p=0
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>

=0

(1—u)?m?+2uE2| k32 u
(1-uw

p P
(1—u)’m? m?+2uE?| &

(?)Emf dxx k-2tagktp-21+32 (46)

whose integrations can be done relatively easily. Cﬁfle:l,
From the integral formulas in Appendix B, we see that the
X integrals for k+2<q vyield terms of the order of c2il=1(n-2)(n—1)(4n-3),

O(1/m?) and, fork+2>q andk+p—2l+2<0, also lead
to terms of the order o®(1/m?) even though they involve
ultraviolet-divergent factors. Therefore all these integrals can

be neglected in the large mass limit. The only divergent and — n—2

nonvanishing terms come from the integrals whth 2>q Co :kE[Z (2n—k=1)(k—1). (52
andk+p—2l+32>0. These integrals lead to the divergent

structure Note that the multiplication factor of the degeneracy of an-

gular momentum states of odd dimensions has an additional

B 1 factor of the square root which differs from that of even
S a1 1=01...k=a (47 gimensions.
To get the number of states we do the intermediate
and integration(34). They integration can be done recursively:
E2p+2q—4|+lm2k+2—2q|n(€). (48)

J= foy+dyyk¢[y+(n—l)2](y+—y)

We find the most divergent term of the number of states,

_ 2k+1 5 k—1 ,
gnv_ 1 B(n— 1321 = m[h—(n—l) P17t 335 (0= D)%Y+ k-2,
" (n—-1)(2n-3)wl(2n—2) 2
(53
(1—u)’mP+2uE?\""12g2n-1 49 hose 1o | ¢t intearal lcit
w wo lowest integr re, explici
1=w? pu e (49 ose two lowest integrals are, explicitly,
. , R - (n—1)° 5, n-1 12
The most divergent term is used to give rise to Bekenstein- Ji= 3 Y+ + 8 [y.—(n—1)%]%y¥
Hawking entropy in the brick wall modé¢b]. The most di-
vergent term differs from that in Ref6]. Moreover, it 1
should be noted that the most divergent term is to be re- - g[y+—(n—1)2][y++(n—1)2]2
moved in the Pauli-Villars regularization method as will be
shown in the next sections. T y,—(n—1)2?
X| 5 +arcsin ———| |,
2 y++(n=1)
B. Odd dimensions
We repeat the computation of the number of states in odd n-1 oy, L 1272
dimensions, which differs slightly from that in even dimen- Jo=—7[y+=(n=D)7]y"+ gly+ +(n—1)7]
sions. First, in five dimensions we have a quite simple mul- (n—1)2
L. . . lrs —(n—
tiplication factor of the angular momentum degeneracy: «| T+ arcsi Y+ S (54)
2 y++(n—1)

Le=3\y+1. (50)
Near the event horizony(. >1) they are further approxi-
In a general odd dimensiod=2n+1 (n=3), the number mated by
of states takes the form
(n—1)3 n—1
=5V g Iy~ (-1

1
L2n+1(Y):m\/Y+(n—1)

1
n-1 _g[Y+_(n_l)2][y++(n_1)2]2
><k]_I2 [y+(2n—k—1)(k—1)]

1 n-2 X

= 2n+1 —
=Tan=D, Ok YWy (=12 (61

1
77—2(”—1)2—1/2),
Y5

Jo= LIy, (n— 12y 2+ Sy, +(n— 122
whose coefficients are 0 4 + togtrt
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1 r+ 2n—2
X | w—2(n—1)2—5]|. (55) x=1- ( ) : (58
Y r
We can rearrange the number of states, and replace a brick wal by e=(2n—2)h/r, . The radial
integration of the number of states becomes
92n+1(E,m)= 2 C2n+l 2n K
mI'(2n—1)¢E Em)— 1 2 F2nel ri fd
X —J , 56
jr++h r\/m k(y+) ( ) [E2_X(1_u+ux)m2]k/2
(1_X)l+k/(2n72)x(k+l)/2(1_u+ux)(k+l)/2'
as
(59)
2n
1 L dr
Gonr1(BEM=—F5-—75 > Fﬁnﬂf ———y¥%, whereu=(r_/r,)*""2
7l(2n—1)==1 re+h ryA(r) 57 Expanding the denominator aroure- 0,
whereF2"*" 1 is the coefficient of/*> which is determined by 1 2n+ 1k
kK . . * - TTKI(2n=2) ®FTDP2 = 2 Kg
solving the recursive relatiofb3) as a power series of, . (1—x)1rKI( (1—u+ux)'
The number of states in odd dimensions differs from that in (60)

even dimensions by integral powersyof .
Similarly as in the even dimensional case we change th&here are the coefficients of the Taylor expansion,
variable and the numerator

K2n+ 1k

[

Zk/ZE (_ 1)p
p=0

(1—u)®m?+2uE?\ K2

2_y(1— 27k/2_
[E“—x(1—u+ux)m-] (1=u)2m?

y p
(1—u)?m? +2uE2) Zo( >E4I P

T N X

(61)

we finally get the number of states:

2n
1
— 2n+l 2n+1k p
an+l(E1m) Wr(zn_l)k; k 2n— 22 K 2 ( 1)

T N x

N2m2 2\ k/2 p
(1 (l:JL)_fS)Z-FmZZUE) ((1 u)z u2+2UE2) 2 ( )Emfdxx—(k+1>/2+qzk/2+p—2|_ (62)

We may find the divergent structure of the number of states by doing directly the polynomial integrations for even integers
k and computing the same integrals for odd intedeiss in the even dimensional case. It is not difficult to find the most
divergent term:

mdiv
Oon+1=

B 1 2n((1—u)2m2+2uE2)“ E2" 63
22"} (n-%)(2n-2)(n-1)!n! (1-u)*m? el

IV. FREE ENERGY IN THE FIVE- AND SIX-DIMENSIONAL RN BLACK HOLES
We work out explicitly the free energy and thermodynamic entropy of the scalar field in the five- and six-dimensional RN
black hole backgrounds. These examples are enough to show the difference between even and odd dimensionality.

A. Five-dimensional RN black hole

We find explicitly the number of states in the five-dimensional RN black hole. Substituting@dnto Eq.(34), the exact
number of states is found:
-1
+ arcsw( Y

y++1

(64)

1 [t dr
9s(E,m)= 16Wfr++hm[ (Ve = DY+ (v, +1)?
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Near the event horizop, becomes large and we may approximate the number of states as

L dr 65

gS(Erm):%J’r +h r\/m

With the change of variable used in Sec. Ill, we rewrite the number of states as
- _rifd [EZ—x(1—u+ux)m?]? riJ’d [EZ—x(1—u+ux)m?] 3r,
9s(E:m)=733 S ur T2 (1-x)° " 16) S I —ur u T 1-x)2  167).

6
(yi+2y+— —y¥.

[E2—x(1—u+ux)m?]*?
x(1—u+ux)(1—x)%?

(66)

After expanding the denominators of the integrations aroua®, doing integrations, and taking the limit of large mass, we

obtain the number of states:

i~ Y 2 E* [ 6-1lu e 4 DB rl E L o
9s(E.m)==3 We_sl?+ a—u)™ T s+ 0(e™) |+ 75 me—uﬁ (e7)
el I Y ALio(e+O| 6
167 | (1—w) 12~ 2(1—uy3me et O+ Ol 1, 67)
whereAE‘Zp_l),2 are integrals defined in Appendix B. The ultraviolet-divergent pag:ois
v E Y 2 E* [ 6-1lu 24 | il 2 E*] 3. 1 £
9 EM=g3a—unm @ | T-u™" ~ T—ue™ |t 16| 1-u® & M 16r | (1-w) T
(68)
The remaining part to be renormalized in the large mass limit is
3r.[ 2 1 (1—uym?
ren __ T
Os (E,m)—167T (1—u)E+ a-u EIn( 1E2 (69
From the definition(27), the free energy consists of two parts:
Fs(m)=Fg"(m)+F£Tm), (70)
where the ultraviolet-divergent part is
Fvmy— o[ 2DEEO) 1 ((6-1WIT(E)UE) ATE)UE) o) 1] ri[20(5)45) 1
S M= " 331-0"" | T a—u  1-uB" | 16, (1-u) T ™
3r [ I(2)¢4(2)
“i6n | (1—wp @) (70
where{ is the Riemann zeta function, and the part to be renormalized in the large mass limit is
5r.[2T(2)4(2) T(2)¢(2 1—u)ym?
Foymy= Ot [ @D TR (A-wm’) 4 ] 7
16| (1-u)p®  (1-wp 4B (1-wp

where
(73

—fod tIn(t)
O

B. Six-dimensional RN black hole
From Sec. Il we find the number of states in the six-dimensional RN black hole. After integrating the angular momentum

states, the number of states is
E2—x(1—u+ux)m?]32
[ ( ym<] (74)

X x?(1—u+ux)?(1—x)?

2r3 [E2-x(1-u+uxym?]®? 2r3
ge(E,m)= fdx 3 3 873 +_f
1357 ) x*(1—u+ux)°(1—x) 277 )
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Doing thex integration explicitly and keeping only divergent and nonvanishing terms for large massek)(of regulator
fields, we obtain
5
T
gG(E1 m) - 1357T

( 1 8—17u 44—16Qu+170° 1 ) 5u

3 2
(1_u)3A5l2+ 3(1_u)4A5/2+ 9(1—U)5 A5/2 2(1—u)2m2

2

1 3 L E4a3 —AM 2 L can 1 3 473 L EBA3 1
“la—w? (A7t E A3/2)+W(A7/2+E Azp) |+ W(Ag/z‘l‘ZE Aszt E°AL) +O|
2l L 20 (A2, HEYAZ,)+O 7

27 (1_u)2 3/2 (1—U)3 3/2 2(1_u)4m2( 5/2 5/2) m/l (5)

WhereA‘(*zp_l),2 are integrals defined in Appendix B. We suppressed the terms that vanisigass to infinity. The number
of states consists of the ultraviolet divergence terms

v r2] 1 E° 32-23u E° O, 3457 11201-2740° )
96 (EM=1ae o u? @ T 2i-w® ¢ "\8a=u2™ 72A1-u)° n(e)
2r3] 1 E3 4+u_9qu3I 26
T3 (I=u? € 2(1=u) £ ne) (76)
and the remaining terms
e 2r3 23 s 368—547u 23, 16 192+ 54 40— 109 7152
95 EM =~ T3e 2a—w ™ E Ba=u? " 1080 1—u)S
15 160-55u 352+ 1120u— 635u° (1—u)ym?
—|em—mE— ———m’E3+ 5 *lIn| ———
8(1—u) 24(1—u) 72(1—u) 4E
2r3 [ 4 16+ 7u 3 4+u (1—u)ym?
- 2= 3 2 _ 3
Tl M ET T3 Bl zam ™ E 2 we )”( 4E2 ) (77
Likewise, the free energy consists of two parts:
Fe(m)=FV+Fen (78)
where the divergent part is
p 2r3 [ T(6)¢(6) 1 (32—-23u)[(6)4(6) 1
Fg (m)=— 36 2T T,
1357 |2(1—u)3B° € 12(1-u)’B €
95Ul (4){(4) , (3457-1120u—274W*)T'(6){(6)
344 M — 526 In(e)
8(1-u)°p 72A1-u)°B
2r3 [ T(4)¢(4) 1 (4+u—9ud)T(4){(4)
55 74T 344 In(e) (79
277 | (1—-u)’B* € 2(1-u)®p

and the part to be renormalized is

215 [230(2)¢(2) , (368-54T)(4){(4) , (16192+54 400i—109 7152)T(6)(6)

Fe M =Tgs | 20—w@ ™ ea-wis " 1080 1—u)°8°
(15r(2)§(2) . (160-550)(4)1(4) (352+112(11—635uz)1“(6)§(6)) ((1—u)m2>
s1l-wa " T 2a1-udg " 72(1—u)°8° 4532

(16 192+ 54 40@1— 109 7181*)I'(6)(6) ( 154, , (160-55u)¢5 (352+112(11—635.12)¢//5)
* 1080 1—u)°A° lsamuE™ T 21— T I uss
23 [40(2)¢4(2) , (16+7u)T'(4){(4) (3r(2)g(2) , (4+u)r(4)g(4)) ((1—u)m2)
T 27w a—wgE " 36 20—-waE" T T 2(1—up 42
3 (4+U)ys
_(2(1—U)B2 m'- 2(1—u)354ﬂ' (80
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V. PAULI-VILLARS REGULARIZATION It should be noted that the matter contributi@®b) involves
only B,, which is the renormalization constaf®) of six

We now regularize the fre(_a energy using the I:)auI"V'"arsdimensions related to the coupling constant. The matter field
regularization method used in Sec. Il. We assume that the

X S : contribution of the off-shell thermodynamic entropy,
bosonic or fermionic regulator fields obey the same Bose—s_ 820138, is given b
Einstein distributior5]: B 159 y

9o(E,m) 3r, T(2)4(2)

FD<m>=:f:dEm, 81) S e (—uwp2 (87)

where the upper sign is for the bosonic fields and the lowePUPstituting the Hawking temperature
sign for the fermionic fields.

The main idea of the Pauli-Villars regularization is to sub- Br= 4m _ 2T 4 (89)
tract the ultraviolet divergences of the original scalar field by A(r) 1-u”
those of regulator fields. To be more concrete we apply the
Pauli-Villars regularization method to the thermodynamicone finds the matter field contribution of the on-shell en-
entropy of the scalar field in five- and six-dimensional RNtropy:
black hole backgrounds. We introduce a number of bosonic
and fermionic regulator fields with masses, and me, re- 5'=—305;. (89)
spectively, whose number and mass conditions will be im- ) .
posed later such that all the ultraviolet divergences and other W€ observe two important facts that are different from the
unnecessary infinite quantities disappear. As mentioned eafoUr-dimensional case. First of all the thermodynamic en-
lier, the free energy of the fermionic regulator fields has the™@PYy does not have a term proportional to the area of black

opposite sign from that of bosonic ones. hole event horizon,
The total off-shell free energy of the scalar field in the 5 3
five-dimensional RN black hole is the sum of those of A :277 + (90)
bosonic and fermionic fields: ST T(2)
in five dimensions. It is remarkable that the matter field con-
F5:Zi Fs(mBi)_Ei Fs(me)

tribution to the entropy in five dimensions does not involve
the renormalization constant related to the gravitational con-
_ div div re stant, in strong contrast with the four-dimensional case, in
B 2 Fs (mg)— 2 Fs (Mg + zl Fs(ms,) which it was already observed that the renormalized thermo-
dynamic entropy of a scalar field in the four-dimensional RN
_2 F(m; ) 82) and thg Schwarzs_child black hgles con_tributes a quantum
= 5 VRS correction to classical Bekenstein-Hawking entrdpyl2].
This means that in four dimensions through the renormaliza-
whereF5(m) is given by Eq.(70). It can be shown easily tion of the gravitational constant the renormalization con-
that the ultraviolet divergences, which consist of*#] 1/e, stant3; renormalizes also Bekenstein-Hawking entropy
1/€*?, and Ing), may be removed, provided that the number
of bosonic and fermionic fields are equal, A, BiA, Ay

4G ' 124w 4G

91
Ng=Ng=3, (83

so that the area law of black hole entropy is still valid even
when one includes the matter field contribution of thermody-
3 3 namic entropy. Second, we note that the matter field contri-
2 méz E mé,. (84) butio_n of the thermodynamic entropy h_as a n_egative sign. A

i P ' physical argument for these two facts is lacking at present.
We now turn to the six-dimensional RN black hole. The

Note that these are the same conditions imposed to regularizgee energy is again the sum of those of bosonic and fermi-
the one-loop effective action in Sec. Il. Then the remaininggnic fields:

matter field contribution of the off-shell free energy is simply

and the masses are required to satisfy

given by
Fo=2 Fo(mg)— 2 Fo(me). (92
3r, I'(2)¢(2
Famplnoois (DB, (85
167 (1-u)B There are divergences proportional ta?/1/e, and Ing).
These ultraviolet divergences are removed by the conditions
where
3 3 Ng=Ng=4 (93
B,=—>, In(m2)+ >, In(m2). (86)
i=1 = i and
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4 4 we see that the total entropy of the scalar field, i.e., the sum
E méizz m'éi. (94 of the bare Bekenstein-Hawking entropy and the quantum
=1 =1 correction of entropy,

Beside the ultraviolet-divergent terms there are also terms in As B,Aq As

Eq. (80) which become large as the masses of regulator fields TeS + A A2 AGE (101

become large. These terms can be removed by imposing an A4m)

additional mass condition renormalizes the Bekenstein-Hawking entropy. This implies
4 4 that Bekenstein-Hawking entropy holds true at one loop in
> mi=> mt. (95 D=6 through the renormalization Qf the gravitational con-
i=1 i=1 stant. The middle two terms proportionalrtd are related to

e renormalization of the one-loop quantum correction of
ravity. The last two terms renormalize the cosmological
constant.

With these conditions satisfied, one obtains the matter fiel
contribution of the off-shell entropy:

15I'(2)¢(2) (160-55u)I'(4)¢(4)

2r3
ren__ +
4(1-uw)p t 6(1—u)3B° 2

_ VI. DISCUSSION
6 1357

5 It should be remarked that the Pauli-Villars regularization
(352+112Qu—63u7)I'(6)£(6) 3} method with all the regulator fields treated as obeying the

12(1-u)>p> Bose-Einstein or Fermi-Dirac statistics,
2rs 3F(2)§(2)B +2(4+U)F(4)£(4) [y gp(E)
27| (A—wg P2 T (1—us e Fo=+ | dE g7, (102
(96) depending on their spin statistigs2], may not work for the
Substituting the Hawking temperature RN black hole in higher than four dimensions, because the
ultraviolet-divergent structure has a hierarchy in which a
4wy higher dimensional black hole has divergent terms peculiar
'BH_3(1_U) ' 97) to that dimension and those also belonging to lower dimen-
sional black holes. For instance in the five-dimensional RN
one obtains the on-shell entropy black hole the ultraviolet-divergent part in E@8) consists
of terms proportional t&*, E4, E?, andE. But the Pauli-
§ Villars regularization method with the correct spin statistics
rer > £(2) A . ; he diff istical f f
ren_ 5 Re gives rise to the different statistical factors from
S 127% T4 . -
2 (160-55u)I'(4)£(4) N I'(2){(2) B Fo=~ fo dEgpE7
+ 64 6 2
I(k+1)¢(k+1)
(352+ 1120 —635u)I'(6){(6) ST gt (103
- 10 2407°
where
(4+uwl'(4){(4)
+ T Bg, (98) 1,
Sg = 1 (104
where K| 1— -
5/2,.4
A :277 M+ (99) Thus to remove each divergent term with a different power
® I(5/2) of E one needs a different number of bosonic and fermionic

] o ) . fields. This means that all the ultraviolet-divergent terms
is the area of the six dimensional black hole event horizonggnnot be removed at the same time by the Pauli-Villars

In fact we obtain the renormalized off-shell, E6), and  reqgularization method with the correct spin statistics.
on-shell, Eq.(98), contribution of the thermodynamic en-

tropy by the quantum matter field which involves the same VIl. CONCLUSION
renormalization constant8) used in the renormalization of '
the gravitational action. The first term gives rise to a quan- In an attempt to understand how one might interpret the

tum correction to the area law of the black hole. matter field contribution to the black hole entropy, we have
Recollecting the renormalization of the gravitational con-studied the ultraviolet-divergent structures of a massive sca-
stant in Eq.(9) in D=6 (n=3), lar field minimally coupled to aD-dimensional Reissner-
Nordstran black hole background and computed its thermo-
1 By 1 dynamic entropy using the Pauli-Villars regularization

(100

167G * 24(47)3 ~ 162G method. We have computed the entropy with all the regula-
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tor fields treated as bosons at finite temperature. As expliciVe repeat the integration of EGA4) with respect ta from
examples we have elaborated the five- and six-dimensiond}, to z, and we get
cases in detail.

Interpreting the matter field contributions as the one-loop
contribution to classical Bekenstein-Hawking entropy, we fmdt e_Zt_ “ah In(2)— 7— 21 N
compared the resultant renormalization constants with those T T T T N(2)=2=4iin(¢)+ 4y
arising in the one-loop renormalization of the gravitational
action. We have found that the matter field contribution does —11(z=4y), (A6)
not, in general, yield the correct renormalization constants.
In particular, we have found that, in an odd dimensional )
spacetime, the matter field contribution does not have a ter@nd Putz=0 to the both sides of EqA6) to get
proportional to the surface area of the event horizon. This
result is consistent with the fact pointed out by DIB] that 1 —yt

) . . . o e %1
the correct interpretation of the matter field contribution as f dt(—z— _2> =—4In(E)++118,. (A7)
renormalizing the gravitational coupling constant is possible o |\t t
only when the scalar field coupling is minimal, even in four-
dimensional spacetime. .
Subtract Eq(A7) from Eq. (A6) to obtain
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=zIn(z)—z—zl+ 15, (A8)

l,= f dt. (A9)
APPENDIX A: INTEGRALS USED IN PAULI-VILLARS 0 t

REGULARIZATION

We derive the integral formulas useful in evaluating theThe n-times repetition of the integration leads to the integral

effective action of the scalar field using the Pauli-Villars o mula
regularization method.
First, in an even dimension, we make use of the integral

= et (-1 o G
o 1 D n—1 N “lon-1
fo dre 7= (A1) jo di =2 @+ G|t 2 )2
n ( 1)n7|
The integral(Al) is well defined for a complex whose real > ", (A10)
part is positive, but can be continued analytically even to a =2 (n—D!
pure imaginaryz. We integrate the both sides of EGAL)
with respect taz from ¢, to z to obtain
where
. efzt e Zot
f dt( — )=—In(z)+|n(§0), (A2)
0 t t o0 1
I zf dt—, All
and putz=1: oo tP (ALD)
» (g7t e
fo dt| == ——|=In(Zo)- (A3) forp=2,3,... .

We can remove the infinite constar{sin Eq. (A10) by
By subtracting Eq(A3) from Eq. (A2) and rearranging, we adding and subtracting the integrals with differentor in-

obtain stance,
o0 e—Zt
JO dt n =—=In(z)+1y, (A4) N et ezt N
k§=:O jodt( t ot ):_IZOUH(ZZK)—In(ZZkH)]
where )
w© e*t
1= jo dtT' (A5) and
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N w [@7Zkt @7 Zk+at
> f dt 2 T2

z

= g’o [ ZokIN(Zak) — Zok 4 1IN(Zok 1) ]

N
=1 1k20 (Zok— Zok+ 1) -

(A13)
We impose a condition
N N
k§=:O Z= Zo Zok+1 (A14)
to removel ;. In this way we obtain
N Zot -z t
o e ‘2 e “2k+1
2, f ( G )
(—1)" <
ZWE (254 MIN(Zo1) = 221 IN(Zok 1)1,
(A15)
provided that
N N
2 7= 2 e (AL6)

form=1,2,...

complext, bearing in mind the subtraction procedure.

We can also obtain EqA15) without introducing infinite
. We add and subtract EgA2) with different

constantd ,
z to get directly Eq(A12). We integrate again E4A2) with
respect taz from ¢, to z to get

% e—Zt e—glt
| dt<_t2 -

Z[1+1In(Lo)]— La[In(1) —

e !

+(z— §1)f:dt

=zIn(z)— In(Zo)—1].

(A17)

By adding Eq.(Al17) and subtracting with different we
obtain

w [@7Zkt @7 Zk+at
> f dtf —z——z—
N
=2 [ZadN(Za) = Zokr 1N(Zok11)]

N
—go (Zox— Zokr D[ 1+ IN(L) 1. (A18)

n—1. This is the main idea to get rid of the
infinite quantities in the Pauli-Villars regularization method.
We now may continue the integrals analytically even to a

2171
We impose conditiorfAl4) to get
N e 2t @7 Zok+1t
gof ( 2 {2 )
N
E [ZokIN(Z2k) — Zok+ 1IN(Z2k+ 1) ] (A19)

We can repeat the procedunetimes to get Eq(A15) pro-
vided that we impose conditiori&16). In either way we get
identical regularized integrals.

Similarly, in an odd dimension, integrating both sides of
the integral with respect tp,

- zt 7T1/2
J di<mz =, (A20)
0 z
we obtain
© @2t
fo dt—z7 = =272zt g, (A21)
We repeat the integration with respectzdo get
. e*Zt 4 1/2
fo dt—sz =—3 2823z + 5. (A22)
Repeatingn times we get
s e—Zt (_1)n22n77_1/2n! (2n-12
o dtt(2n+1)/2 = 2n)! z
n )n |
Z =D ———l@a+1pz". (A23)

APPENDIX B: INTEGRAL FORMULA

In calculating the free energy we used frequently the fol-
lowing integral formulg11] for integralsq and p:

f dXXqZ(prl)IZ, (Bl)

where Z(x)=E2—(1—u)m?x. For positive integers] and
p it becomes
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Z(Zp— 1)/2(X)
A(qZp—l)/2: f dx Xa
€

1 12 (2p—2q+3)(2p—20+5)- - (2p—2q+21+1) 1 [(1—u)m?\'
— 7(2p+1)/12 - _ | _
z (f)Lq—l)Ezeq-”.zl( R e VT EERTC e Ea D P A = R =
1(2P=20+3)(2p=2q+5)-- -(2p-3)(2p~1) [ (1-u)n? ‘“fd 22 r(x)
=1 25 1(q—1)! E? X
Z(2p71)/2(X) p E2(p7|)z(2|71)/2(6) E_lez(f)
1 = — M _F2p-1
Azp-1y2 de X 224 T 21 n ﬁm)
a4 1 1I E—ZY%¢) )
b | ZPx) - EMEFZ®e) (82
and, also for positive integeig andp,
q _
(2p-1)12 J (_1)|(|)EZ|Zq (e Z2Pr 2 )
p— =(—1)4
dexqz 0)=(=1)%2 20 2q9-21+2p+1 /[(1—uym?]9*t (B3)
For integralsg andp we also have
Xq eq q Xq—l
f P20 12— wmz e (1—p/2><1—u>m2f P70
1
(B4)

1
f 770 T 1= p2) (1— w2 (o)
For e<1, one ha¥(e)=E?+ O(e). Keeping only divergent and nonvanishing termssages to zero, we get the following
integrals frequently used in five and six dimensions:

L (1—u)ym?
Ap= —2E—Eln Te ,

E (1-um?> (1—-um? ((1—u)m2>
+ €],

2 _=
A=t E 2E 4E?
E (1-um’ (1-u?m* (1-u?m* [(1-u)m?
3 _ =
T B = = L (BS)
3 2
(1—uym
A%/ZI—T—E3H(T6,
ES 3(1—-u)m’E  [(1—u)m?
A§/2=:+4(1—u)m2E+ 5 157 €|
A3 B (1-um’E  (1-uPm* 3(1-u)’m® [(1-u)m? 86
32°22° 7 4¢  E 8 ™M aEz ¢ (B6)
AL A g ((Amum’
2715 4E* ’
, E° 231-uwm’E® 5(1-uym’E® [(1-uym?
A5/2:_+ + In 2 €],
€ 3 2 4AE
ES 3(1-uwm?E® 231-u)’m*E 151-u)’m*E [(1-u)m?
- - ) In 4E2 €|, (B?)

3 _ _
Asn=5 g2 4e 4
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3527 (1—u)ym?
Al,=————E’Inl———¢
72 105 4E ’

, E’ 1761-uwm’E® 7(1-uym’E® [(1-um?
A=t 15 * 2 42 €)

E’ 5(1-um?E® 441-u)’m*E® 351-u)’m*E® [(1—-u)m?
Ad = — - - n € (B8)
2 2e 4e 3 8 4E '
and
9 2
o2 315 4E? ’
9 _ 27 _ 27 _ 2
A2 :E_+ 5631-u)m°E N 9(1-u)m°E (1—u)m .
92 ¢ 35 2 4E? ’
A3 E® 7(1—-um?E’ 5631-u)’m*E® 63(1-u)’m*E® [(1—-u)m? B9
92732 4e 20 8 AT B9
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